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Abstract—By Kolmogorov Complexity,two number-theoretic
problems are solved in different way than before,one problem is
Maxim Kontsevich and Don Bernard Zagier’s Problem 3 Exhibit
at least one number which does not belong to P (period number)
in their paper,another is the problem about existence of bounded
coefficients of continued fraction expansion of transcendental
number.Thus we show a new approach to mathematical problems
in the non-logical discipline.Futhermore,we show that resource-
bounded Kolmogorov Complexity and computational complexity
can at least provide tips or principles to mathematical problems
in the non-traditional or logical discipline.
I. INTRODUCTION
Maxim Kontsevich and Don Bernard Zagier present a
problem [5], which states:
Problem 3 Exhibit at least one number which does not
belong to P(period number).
Later on,They comment:”Each of those problem look very
hard and is likely to remain open a long time”
Now we give an example to solve and close the problem by
Kolmogorov Complexity and present a more subtle question
by Kolmogorov Complexity.
It is easy to show there exist transcendental numbers
with regular continued fraction expansion of coefficients un-
bounded,but transcendental numbers with regular expansion
of coefficients bounded are difficult to find.Mailet give first
examples [4],And late on,there are lot of works about such a
kind of examples and methods.
In this paper, we give proof for that there exists transcen-
dental numbers of regular continued fraction expansion with
bounded coefficients by Kolmogorov Complexity.
Kolmogorov Complexity is originated from Kolmogorov’s
research on randomness,Solomonoff’s research on induction
and Chaitin’s research on program length [3].There are vari-
ants of definition [3],here are several definition of notions
relating to this paper and Kolmogorov Complexity.
Definition S is set of code word,if ∀wi ∈ S,∀wj ∈ S wi is
not prefix of wj ,then set of code words is prefix-free code.
Definition A prefix-free Turing Machine is Turing Machine
which accepts only prefix-free code as program.
Definition prefix-free Kolmogorov Complexity of a string,
x Given a prefix-free y is K(x|y) which is the length of the
shortest prefix-free program that with y as input,outputs x.
Theorem K(x|y) is non-computable [3].
Definition An infinite sequence r is random iff given x any
initial segment of the sequence r,there is a constant c such
that
K(x) ≥ log |x|+ c, |x| is the length of x
Theorem the Lebsgues measure of An infinite sequence over
an alphabet Σ = {a, b} is 1
Theorem random infinite sequences are non-computable [3].
II. COMPUTABLE NUMBER AND NON-COMPUTABLE
NUMBER
There are these notions: Turing ma-
chine,Computability,computable,partially computable and
computable set,computably enumerable set that are relevant
to the argument and the example,see [6], [7] for reference.
A. Computable Reals and computability
We give the definition of computable reals.
Definition if Given
r ∈ R,∀i ∈ N
,there is Turing machine M that outputs i bit of r,r is
computable reals.
This definition can be extended to complex numbers.
Obviously,Any algebraic numbers including natural num-
bers and rational numbers are computable.And some transcen-
dental numbers like pi, e are computable numbers.
Since there are only countable Turing machines,the com-
putable numbers is a countable set.And the set of real numbers
is uncountable.Hence we have:
Theorem there are uncountable real numbers that are not
computable.
More precisely,
Theorem there are uncountable transcendental numbers that
are not computable.
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Computable numbers is related to total computable function
or halting Turing machine.Therefore,there has to be an notion
that is related to partially computable function.
Definition A real number x = 0.x1x2 . . . is lower semi-
computable if the set of rationals below x is recursively enu-
merable. A number −x is upper semicomputable if x is lower
semicomputable. A number x is computable,equivalently, re-
cursive, if it is both lower semicomputable and upper semi-
computable [3]
Theorem there are lower semicomputable reals and upper
semicomputable reals
Proof :All Turing machines can be computably enumer-
able,let Tu(i), i ∈ N is a Turing machine that enumerates
all Turing machines.Consider a real H constructed in the
following way: If the i Turing machine halts,then the bit of
H in position i is set to be 1;the bit in position i is set to be
0,otherwise. Then H is lower semicomputable
B. Chaitin’s Number Is Transcendental Number And Not
Computable
For the definition of Chaitin constant or halting probability
,see [3]
Definition Chaitin’s Number or halting probability is a real
number [3]
Ω =
∑
U(p)<∞
2−p
where U is a prefix-free universal Turing Machine,and p
is length of the program that the U halts eventually when
inputting it
Obviously It is lower semicomputable and is not com-
putable.
Since all algebraic numbers are computable,Chaitin constant
or halting probability and H are not computable,or semi-
computable.So,those two numbers are transcendental and non-
computable or semicomputable. And all random real number
are non-computable.
III. PERIOD NUMBERS ARE ALL COMPUTABLE
one formula in definition of period numbers is
p =
∫
∆
f(x1, . . . , xn)
g(x1, . . . , xn)
dx1 . . . dxn
Here f and g are polynomials with coefficients in Q, and the
integration domain ∆ ∈ Rnis given by polynomial inequalities
with rational coefficients(cited from ”what is a period”) [5].
Obviously,by numerical computation of integration or Nu-
merical integration,and the definition of formula of peri-
ods,period numbers are all computable.
A. Chaitin’s Constant Is Not Period Number
Since Chaitin’s Constant is not computable,and is not alge-
braic number,and all periods are computable,we have
Theorem Chaitin’s constant is not period number and it is
transcendental constant.
Thus close the problem 3 in Kontsevich’s paper [5]. More-
over, there are non-countable real numbers that are not periods,
since set of random real number has measure 1 .
IV. THERE ARE INFINITE TRANSCENDENTAL NUMBER OF
SIMPLE CONTINUED FRACTION WITH BOUNDED
COEFFICIENTS
A. Random Sequences of integers map to Bounded Coeffi-
cients Of Simple Continued Fraction
Given a set of finite integers Z, card(Z) ≥ 2,the cardinal
of the set of infinite sequences over Z is 2ℵ and the Lebsgues
measure of the set of random infinite sequences is 1
Given a random sequence,we can construct a sequence of
integers which is not computable or random.Similarly,Given
a bounded random sequence ,we can construct a sequence of
bounded integers which is not computable or random.
Example By supremum of Specker sequence, we can con-
struct a real in the following way: if the nth digital of
the supremum is 0,make 1 as the nth coefficient of the
continued fraction;otherwise,make 2 as the nth coefficient of
the continued fraction. The corresponding continued fraction
of the supremum is non-computable In the same way,non-
computable or random number will make the correspond-
ing coefficients of the continued fraction non-computable or
random. By a random number, we get a non-computable
continued fraction with bounded coefficients.
B. There Are Uncountable Transcendental Number Of Con-
tinued Fraction Expansion With Bounded Coefficients
In the same way,given a random sequence,we can construct
a sequence of coefficients of continued fraction which is
not computable or random.Similarly,Given a bounded random
sequence ,we can construct a sequence of bounded coefficients
of continued fraction which is not computable or random.
Since all algebraic numbers are computable,those numbers
with bounded coefficients of continued fraction which is
not computable or random are not computable,thus are all
transcendental numbers.We get,
Theorem There are infinite or uncountable transcendental
numbers with bounded coefficients of continued fraction which
is not computable or random.
V. CONCLUSION AND DISCUSSION
We know such a hierarchy of reals as in the figure 1
A. Refining Some Problems Relating To Transcendental And
Algebraic By Complexity
The proofs about the two problems above show that it is
very easy to solve those kind of problems by Kolmogorov
Complexity,sometimes even trivial. We can get such results
intuitively from the following figure 2:
But when we put computable on the two transcendental
problems,they cause problems like those solved by work of
Mailet [4] and Yosinaga [9],that is, we have to solve those
two existence problems under the computable level,which is
much harder than in the whole domain of real number. So tran-
scendental or algebraic problems, usually become very hard
or rich when restricted into the set of computable numbers,
and if we have such a problem, we may usually restrict it to
the the set of computable numbers or under the computable
level to refine it,Figure.2,Figure.3.
Moreover,when we put some restrictions of computational
complexity under computability on the kind of problems, those
problems almost certainly become very hard,or rich,since com-
putational complexity is computability time or space of which
are restricted.For instance,by intuition and some easy argument
,we can have such a hierarchy in figure 4 as following:
There are variant computation models over reals, see
[8], [1] for reference.here,the computation model and the
definition is from [8].We adopt some result from [1],
since the two models are not equivalent,and the model by
Blum,Cucker,Shub,Smale is weaker than the Weihrauch’s
model, and the Weihrauch’s model is equivalent to classic
model in the computability sense in the case of N . Here we
know all algebraic numbers and some transcendental numbers
are computable in P time, especially from [1],all algebraic
numbers are computable in P time.
If we put real-time computable or linear time computable
on the two transcendental problems,they become related to
the famous conjecture by Hartmanis and Stearn [2].This can
be shown by Figure 5.
Incorporating computational complexity into algebraic and
transcendental problem, we can ge such a much more rich hier-
archy which motivated a lot of interesting problems. In such a
hierarchy,there are a lot of famous problem lied on the bound-
ary among rational,algebraic and transcendental.So,we suggest
that any questions relating to rational,algebraic and transcen-
dental,have to incorporate randomness,computability,and com-
putational complexity and Kolmogorov Complexity,resource-
bounded Kolmogorov Complexity.
In addition, we can solve the problem or know some
intuitive approach by randomness, computability and compu-
tational complexity. For instance, we can prove Gauss prime
theorem by Kolmogorov Complexity. Also we can know
from computational complexity, that an algorithm of algebraic
number is in P which implies that another algebraic number
by continued fraction is also in P
B. Different computation Models
The two complexity,that is Kolmogorov complexity and
computational complexity can solve problems by the model
in [8]: we can refine the input of models as the program
p,the representation of number x we are computing, length
of which is the Kolmogorov complexity of number we
are computing, so we can regard the K(x)or l(p) as the
lookaheadM (y, k), and the computational complexity is of
the algorithm which is the most efficient one. In such a way,
the if ∀y, LookaheadM (y, k) → ∞ when n → ∞, the
number is non-computable,thus to be a transcendental one,
otherwise, it is computable. Under computable, according to
TimeM (y, k),can the a hierarchy of reals be gotten, which
intersect or interact with other hierarchy or classification like
rational set,algebraic set,transcendental set and reals set, we
can refine problems by the complexities and find way or tips
to solve them.
Of course, variant models can be applied to number prob-
lem, and their results that already exist can pave way or give
tips to solve problems
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